We have developed an analytical method to determine the coefficient of thermal expansion (CTE) for single wall carbon nanotubes (CNTs). We have found that all CTEs are negative at low and room temperature and become positive at high temperature. As the CNT diameter decreases, the range of negative CTE shrinks. The CTE in radial direction of the CNT is less than that in the axial direction for armchair CNTs, but the opposite holds for zigzag CNTs. The radial CTE is independent of the CNT helicity, while the axial CTE shows a strong helicity dependence.
Introduction
Due to their superior material properties, carbon nanotubes ͑CNTs͒ ͓1͔ have many potential applications such as nanoscale sensors, nanocomposites, and nanoelectronics ͑e.g., ͓2-6͔͒. Some examples of nanoelectronics include the next-generation computers ͑e.g., ͓7͔͒ and nanotube transistors ͓8-15͔. These CNT-based nanoelectronic devices may experience high temperature during manufacture and operation. This leads to thermal expansion and residual stress in devices, and affects the device reliability. Therefore, the coefficient of thermal expansion ͑CTE͒ of CNTs is an important property for CNT-based nanoelectronics. This is similar to Si, which is the dominant micro-electronic material today. The CTE of Si has been thoroughly investigated in the last few decades ͑e.g., ͓16 -25͔͒. The CTE of Si displays an unusual and intriguing temperature dependence, namely being negative ͑i.e., thermal contraction͒ at low temperature, and positive ͑i.e., thermal expansion͒ at high temperature ͑e.g., ͓21,23͔͒.
The studies on the CTE of CNTs, however, are very limited due to the challenge in nanoscale experiments and modeling. There are very few experimental studies on the CTEs of multiwall CNTs ͓26,27͔ and CNT bundles ͓28,29͔. Using the X-ray diffraction, Bandow ͓26͔ found that the CTE in the radial direction of multiwall CNTs is almost the same as the c-axis CTE of graphite. Yosida ͓28͔ and Maniwa et al. ͓29͔ also used the X-ray diffraction to study the CTEs of single wall CNTs bundles and their results suggest that the CNT bundles have negative CTE ͑thermal contraction͒ at low temperature and positive CTE ͑thermal expansion͒ at high temperature, similar to that of Si. Even though the CTE of single wall CNTs is important both to nanoelectronics and to the fundamental understanding of thermal properties of CNT bundles and CNT-polyethylene composites ͓30͔, there exists no experimental study on the CTE of single wall CNTs.
To the best of our knowledge, there exists only one molecular dynamics ͑MD͒ study on the CTE of single wall CNTs ͓31͔. Based on the interatomic potential for carbon ͓32,33͔, Raravikar et al. ͓31͔ investigated the CTE of ͑5,5͒ and ͑10,10͒ armchair CNTs. The CTE in the radial direction of the CNT was found to be less than that in the axial direction. However, they reported only a single value for the CTE in the radial direction ͑also a single value for the axial CTE͒, and did not report any temperature dependence. This is contrary to the experiments of Yosida ͓28͔ and Maniwa et al. ͓29͔ which showed strong temperature dependence of CTEs for CNT bundles. Furthermore, the CTE of graphite, which can be considered as the CNT with infinitely large diameter, also has a strong temperature dependence, being negative at low and room temperature and positive at high temperature ͓34͔. Therefore, the CTE of CNTs is anticipated to display strong temperature dependence.
This paper aims at a systematic study of the CTEs of CNTs, including their temperature dependence and the effect of CNT charality. Instead of using MD, which is computationally intensive and can simulate only up to nanosecond (10 Ϫ9 s), we develop an analytic method to determine the CTE of CNTs directly from the interatomic potential ͓33͔ and the local harmonic model ͑e.g., ͓35͔͒. This analytic method provides a simple and straightforward way to investigate the temperature and helicity dependence of the CTE of CNTs. Our results show that, similar to graphite, the CTE of CNTs is negative at low and room temperature, but becomes positive at high temperature. The range of negative CTE shrinks as the CNT diameter decreases. For armchair CNTs, we have confirmed Raravikar et al.'s ͓31͔ MD simulation results that the radial CTE is less than the axial one. However, for zigzag CNTs which were not studied by Raravikar et al. ͓31͔, we have found that the opposite holds, i.e., the radial CTE is larger than the axial one for zigzag CNTs. Furthermore, the radial CTE is found to be independent of the CNT helicity, but the axial CTE displays a strong dependence on the helicity.
The paper is outlined in the following. The atomic structure of the single wall CNT is shown in section 2. A set of finite ͑5͒ variables are introduced to quantitatively characterize this atomic structure. The CNT diameter, and the bond lengths and angles in the tubular structure of the CNT are all given in terms of these five variables. To account for the temperature effect, the Helmholtz free energy together with the local harmonic model are introduced in section 3 to determine these five variables at finite temperature. The equilibrium bond lengths and the coefficients of thermal expansion of the CNT are then obtained at each temperature. The coefficients of thermal expansion in the radial and axial directions of the CNT are given for armchair and zigzag single wall CNTs, and their dependence on temperature and CNT helicity are discussed.
2 Single Wall Carbon Nanotubes 2.1 Geometrical Representation of the CNT Structure. Figure 1͑a͒ shows a schematic diagram of a CNT with the diameter d t . Unlike a planar graphene sheet, a carbon atom and its three nearest-neighbor atoms on the CNT are not on a plane but form a tetrahedron because of the curvature effect. Depending on the bond orientation and the diameter of the CNT, carbon bonds on the CNT may have different lengths, and the bond angles deviate from 120 deg. Since a CNT can be considered as a rolled graphene sheet, we map the CNT shown in Fig. 1͑a͒ to a twodimensional, planar sheet of carbon atoms shown in Fig. 1͑b͒ . This mapping can be visualized by a cut of the CNT along its axial direction followed by the ''unrolling'' of the CNT to a plane without stretching. The distance between each pair of carbon atoms in the ''unrolled'' plane ͑Fig. 1͑b͒͒ is identical to the corresponding arc length on the CNT ͑Fig. 1͑a͒͒. It is important to point out that Fig. 1͑b͒ is different from a graphene sheet since the bond lengths may not equal and the bond angles deviate from 120 deg. Figure 1͑c͒ shows a representative atom A in the ''unrolled'' plane along with its three nearest-neighbor atoms B, C, and D. These four atoms A, B, C, and D characterize the positions of all atoms on the planar sheet in Fig. 1͑b͒ since all atoms essentially result from the in-plane translation of these four atoms due to periodicity in the atomic structure of the CNT. Therefore, the lengths and angles between these four atoms completely characterize the planar structure in Fig. 1͑b͒ . Let a 1 and a 2 denote the vectors BC ជ and DC ជ in Fig. 1͑c͒ , respectively, and a 1 and a 2 be the corresponding lengths. The length of BD is denoted by a 3 , and the lengths of AB and AC are denoted by a 4 and a 5 , respectively ͑Fig. 1͑c͒͒. Other lengths and angles in the ''unrolled'' plane are completely determined by these five lengths a i (i ϭ1,2, . . . ,5). For example, two angles 1 ϭЄCBD and 2 ϭЄCBA ͑Fig. 1͑c͒͒, which will be used later to characterize the mapping between the CNT in Fig. 1͑a͒ and the ''unrolled'' plane in Fig. 1͑b͒ 
In order to characterize the actual atomic structure of the CNT shown in Fig. 1͑a͒ , it is necessary to prescribe the CNT diameter d t and helicity which is represented by the angle between BC ជ and the chiral vector C h in Fig. 1͑c͒ , where C h denotes the circumferential direction of the CNT in the planar sheet. It is pointed out that d t and will be related to the charality of the CNT in the next paragraph. In the cylindrical coordinates (R,⌰,Z) of the CNT, the radial coordinates of all atoms are R A ϭR B ϭR C ϭR D ϭd t /2. Without losing generality, we may take the polar angle and axial coordinate of atom B as zero, ⌰ B ϭZ B ϭ0. The axial coordinates of atoms A, C, and D equal to the projections of vectors BA ជ , BC ជ , and BD ជ normal to the C h direction ͑Fig. 1͑c͒͒, i.e.,
Similarly, the polar angles of atoms A, C, and D are related to the projections along the C h direction ͑Fig. 1͑c͒͒, and are given by
The CNT diameter d t and angle ͑Fig. 1͒ are related to the chirality (n,m) of the CNT. Following the standard notation for CNTs ͑e.g., ͓36͔͒, the chiral vector C h , whose length equals the circumference of the CNT, can always be expressed in terms of the base vectors a 1 and a 2 as ͑Fig. 1͑c͒͒
where n and m are integers, nу͉m͉у0, and the pair (n,m) is called the chirality of the CNT; (n,0) and (n,n) are called the zigzag and armchair CNTs, respectively, while the general case nϾ͉m͉Ͼ0 is called the chiral CNT. Using the fact a 1 •a 1 ϭa 1 2 , a 2 •a 2 ϭa 2 2 , and 2a 1 •a 2 ϭa 1 2 ϩa 2 2 Ϫa 3 2 , we find the circumference of the CNT as
and the CNT diameter
The angle is similarly obtained in terms of the chirality (n,m) as
Therefore, d t and in Eqs. ͑6͒ and ͑7͒, as well as the spatial coordinates of atoms A, B, C, and D in Eqs. ͑2͒ and ͑3͒, are all given in terms of these five lengths a i (iϭ1,2, . . . ,5).
Energy in the CNT.
Since the positions of all atoms on the CNT are determined in terms of a 1 , a 2 , . . . ,a 5 , the bond lengths and angles can also be obtained in terms of these five lengths. Here it is important to emphasize that the bond lengths and angles are for the bonds on the tubular structure of the CNT shown in Fig. 1͑a͒ ͑instead of the ''unrolled'' planar sheet in Fig.  1͑b͒͒ . For example, the bond length between two atoms X and
which depends on these five lengths a i (iϭ1,2, . . . ,5) for a given chirality (n,m) of the CNT. Once all bond lengths and angles are known ͑in terms of these five lengths a i (iϭ1,2, . . . ,5)), the energy stored in a bond can be obtained from the interatomic potential for carbon ͓33͔ given in the appendix. For example, the energy V AB stored in the bond AB Transactions of the ASME ͑Fig. 1͒ depends on the bond length r AB and the angles between AB and neighbor bonds, i.e., V AB ϭV(r AB ,ЄABX), where X represents the neighbor atoms of A and B. The energy associated with the representative atom A is 1/2(V AB ϩV AC ϩV AD ), which also depends on these five lengths a i (iϭ1,2, . . . ,5), where the factor 1/2 results from the equal split of the bond energy between the pair of atoms in each bond. The total potential energy in the CNT is V tot ϭN/2(V AB ϩV AC ϩV AD ), where N is the total number of atoms on the CNT. These five lengths a i (iϭ1,2, . . . ,5) are determined by minimizing the potential energy in the CNT in order to ensure the equilibrium, i.e.,
These are five nonlinear equations for a i (iϭ1,2, . . . ,5), and have to be solved numerically. Table 1 gives the numerical results of bond lengths, angles, CNT diameter, and orientation ͑angle ͒ for several zigzag ͓(n,0)͔, armchair ͓(n,n)͔, and chiral ͓(n,m),n Ͼ͉m͉Ͼ0͔ CNTs. The bond lengths and angles agree well with Sanchez-Portal et al.'s ͓37͔ ab initio atomistic studies for ͑4,4͒, ͑5,5͒, ͑6,6͒, ͑8,8͒, and ͑10,10͒ armchair CNTs based on the pseudopotential density functional theory. The results for a graphene sheet are also presented in Table 1 in order to show the effect of CNT diameter. It is observed that, for CNT diameters above 0.8 nm, the bond lengths and angles are essentially the same as those of graphene ͑within 1 percent difference͒ such that the CNT diameter has essentially no effect. However, for the smallest CNT diameter around 0.4 nm, the bond angle change is around 6 percent, which shows the significant effect of CNT diameter.
Coefficients of Thermal Expansion of Single Wall Carbon Nanotubes
3.1 Effect of Finite Temperature. The method described in section 2 to determine the bond lengths is only applicable at zero temperature. At a finite temperature, the total potential energy V tot should be replaced by the Helmholtz free energy given by
where T is temperature, S is the entropy, V tot ϭN/2(V AB ϩV AC ϩV AD ) is the total potential energy and it depends on these five lengths a i (iϭ1,2, . . . ,5). Based on the local harmonic model ͑e.g., ͓35,38͔͒, the entropy is given by
where N is the total number of atoms, k B is the Boltzmann constant 1.38ϫ10
, h is the Planck's constant 6.63 ϫ10 Ϫ34 J•s, T is the temperature, and i (ϭ1,2,3) are the vibration frequencies of atom i and are determined from the 3ϫ3 local dynamic matrix 1/m i ‫ץ‬ 2 V tot /‫ץ‬x i ‫ץ‬x i of atom i by
Here I is the 3ϫ3 identity matrix, and m i and x i ϭ(x i ,y i ,z i ) are the mass and Cartesian coordinates of atom i, respectively. For the CNT subject to temperature change, i for the atom i are the same as those for the representation atom A, i.e., i ϭ A , where
From ͑12͒ or ͑13͒, the vibration frequencies i and A are also functions of these five lengths a i (iϭ1,2, . . . ,5). Therefore, the Helmholtz free energy A for the CNT also depends on a i (i ϭ1,2, . . . ,5).
As discussed in section 2, these five lengths a i (iϭ1,2, . . . ,5) are determined by minimizing the potential energy in Eq. ͑9͒. But such an approach only holds at zero temperature. At a finite temperature T, atoms do not occupy static positions because of thermal vibrations. These five lengths a i (iϭ1,2, . . . ,5) now represent the average, ''equilibrium'' lengths at the finite temperature, and they are determined by minimizing the Helmholtz free energy ͑instead of the potential energy͒, i.e.,
This gives these five lengths as a function of temperature, i.e., a i ϭa i (T) (iϭ1,2, . . . ,5).
Coefficients of Thermal Expansion.
It is important to note that the temperature dependence of bond length at finite temperature results from the anharmonicity in the interatomic potential. For a strictly harmonic potential, the vibration frequencies i are independent of atom positions such that the average, ''equilibrium'' bond lengths remain unchanged with the tempera- ture increase, and therefore the CTEs vanish. This can be explained by the absolute isotropy in the tension/compression of atomic bonds characterized by the harmonic potential such that, even though the atoms vibrate, the center of vibration does not change with temperature. This is, however, not true for anharmonic potential such as Brenner's interatomic potential for carbon ͓33͔ which displays tension/compression anisotropy such that i are not constants anymore, and the center of atom vibration changes with the temperature, leading to nonvanishing CTEs for CNTs. The CNT diameter is related to these five lengths via Eqs. ͑5͒ and ͑6͒, and, therefore, also depends on the temperature T, d t ϭd t (T). The CTE in the radial direction is given by
The CTE in the axial direction can be similarly calculated from the variation of the translational vector which is the period in the axial direction ͑e.g., ͓36͔͒. For example, the axial CTE for (n,n) armchair CNTs is determined from the change of BD ͑Fig. 1͑c͒ and is given by
For (n,0) zigzag CNTs, the axial CTE is given by
where the angle 1 is shown in Fig. 1͑a͒ and is given in Eq. ͑1͒. We use this method to study the radial and axial CTEs of single wall CNTs. Figure 2 shows the temperature dependence of radial and axial CTEs for a ͑5,5͒ armchair CNT and a flat graphene sheet. The CTEs are negative at low and room temperature, but become positive at high temperature for both the armchair CNT and the graphene sheet. This is, in fact, consistent with CTE data for graphite ͓34͔ which also show negative CTE at low and room temperature and positive CTE at high temperature. The molecular dynamic simulations of Raravikar et al. ͓31͔ did not report any temperature dependence of CTEs of CNTs, but they found that the radial CTE is less than the axial one for armchair CNTs, i.e., ␣ radial Ͻ␣ axial . Our results for the ͑5,5͒ armchair CNT confirm this since the solid curve for radial CTE in Fig. 2 is below the dotted curve for axial CTE. However, for the ͑9,0͒ zigzag CNT, the opposite holds. Figure 2 also shows the temperature dependence of the radial and axial CTEs for the ͑9,0͒ zigzag CNT. The solid curve for the radial CTE of the ͑9,0͒ CNT is above the dotted curve for the axial CTE such that ␣ radial Ͼ␣ axial . In fact, we have calculated the CTEs for other CNTs and found that ␣ radia Ͻ␣ axial for all armchair CNTs and ␣ radial Ͼ␣ axial for all zigzag CNTs. These CTEs are all negative at low and room temperature but become positive at high temperature.
We have chosen ͑5,5͒ and ͑9,0͒ CNTs in Fig. 2 because they have very close CNT diameters such that we can examine the effect of CNT helicity. It is observed that the axial CTEs curves are widely apart, but the radial CTEs curves are very close over the entire temperature range. The slight separation between two radial CTE curves may be due to the small difference in the diameters. We have also studied CNTs with almost identical diameters, such as ͑5,5͒, ͑6,4͒, and ͑7,3͒ CNTs. Their radial CTEs are shown in Fig. 3 and the curves are identical. This suggests that the radial CTE ␣ radial is independent of the CNT helicity, and depends only on the temperature and CNT diameter.
It is also observed from Figs. 2 and 3 that the CTE curves for ͑5,5͒ and ͑9,0͒ CNTs are above that for the graphene sheet. The ranges of negative CTE for CNTs become smaller due to the effect of finite CNT diameter. Figure 4 further shows the diameter-dependence of CTEs for armchair and zigzag CNTs at temperature Tϭ400 K. The armchair CNTs range from ͑5,5͒ to ͑11,11͒, while zigzag CNTs range from ͑9,0͒ to ͑20,0͒. The value of CTE of a graphene sheet is represented by the horizontal line. As the CNT diameter increases, the CTEs decrease and gradually approach that of the graphene sheet. At 400 K, the CTEs experience a change from positive to negative as the diameter increases. Fig. 2 The temperature dependence of the radial and axial coefficients of thermal expansion for "5,5… and "9,0… carbon nanotubes together with that for a flat graphene sheet Fig. 3 The temperature dependence of the coefficient of thermal expansion in the radial direction for "5,5…, "6,4…, and "7,3… carbon nanotubes Fig. 4 The diameter-dependence of the coefficients of thermal expansion for armchair and zigzag carbon nanotubes at 400 K Figure 4 also confirms that ␣ radial Ͻ␣ axial for armchair, ␣ radial Ͼ␣ axial for zigzag CNTs, and ␣ radial depends only on the CNT diameter.
Concluding Remarks
In conclusion, we have presented an analytic method to determine the coefficient of thermal expansion ͑CTE͒ for single wall carbon nanotubes based on the interatomic potential and the local harmonic model. The CTE in the radial direction of the CNT is less than that in the axial direction for armchair carbon nanotubes, but the opposite holds for zigzag carbon nanotubes. Furthermore, the CTE in the radial direction of the CNT is independent of the carbon nanotube helicity, while the axial CTE depends strongly on the helicity. The CTEs of carbon nanotubes are negative at low and room temperature but positive at high temperature. As the nanotube diameter decreases, the range of negative CTE shrinks.
The Empirical Bond Order Potential for Carbon. The interatomic potential for carbon ͓33͔ is given by
where r i j is the distance between atoms i and j, i jk represents the angle between the bond i-j and the neighbor bonds; and V R and V A are the repulsive and attractive pair terms given by
The parameters D (e) , S, ␤, and R (e) are determined by fitting with known physical properties of various types of carbon. In particular, R (e) represents the equilibrium distance of two freestanding carbon atoms ͑i.e., no other atoms͒. The values of these parameters, as well as others introduced in Brenner's ͓33͔ interatomic potential, are given at the end of this section. The function f c is merely a smooth cut-off function having the piecewise form f c ͑ r ͒ϭ Ά 1 rϽR
where the effective range of the cut-off function is defined by R
and R (2) .
The term B i j in ͑A.1͒ represents a multi-body coupling term between the bond from atom i to atom j and the local environment of atom i. It reflects the contribution from other atoms in the local environment of atom i. This multi-body coupling term is given by 
